Some new methods are described in the study of the spatial behaviour of solutions in the slow flow of an incompressible viscous fluid along a semi-infinite strip subject to zero velocity on the lateral sides, a prescribed time-dependent specified velocity on the end and zero initial conditions. These methods provide an improved estimated decay rate over those previously predicted on the subject.  2002 Elsevier Science (USA). All rights reserved.
Introduction
The present paper studies the end effects for the slow flow of an incompressible viscous fluid along a semi-infinite strip subject to zero velocity on the lateral sides, a prescribed time-dependent specified velocity on the end and zero initial state.
The first studies on this subject have been by Lin [1] and Knops and Lupoli [2] , which have converted the initial-boundary value problem to a fourth-order initial boundary value problem in order to avoid the unknown pressure term. By using an area measure, Lin [1] has obtained decay estimates of Saint-Venant type for the solutions of the fourth-order transformed problem. While Knops and Lupoli [2] have described a method for discussing the spatial behaviour of solutions of the transformed problem for a semi-infinite strip. They have used a cross-sectional line measure consisting from a linear combination of three line integral terms entering in three different fundamental identities. The spatial behaviour of such a measure is derived from a first-order differential inequality and it is described by a Phragmén-Lindelöf type principle. No apriori asymptotic decay assumption at infinity is required.
The purpose of the present investigation is to improve the description of the spatial behaviour of solutions in the plane Stokes flow as it is established in [1] and [2] . In this aim we use the time-weighted area and cross-sectional line measures in order to establish growth and decay properties of the solutions to the fourth-order transformed problem. The basic ingredients of our analysis consist from some fundamental time-weighted identities concerning the solutions of the transformed problem. In this way we can combine only two of the above mentioned identities in order to obtain an appropriate cross-sectional line integral measure and so the number of terms of the type considered in [2] to be estimated is substantially reduced. Thus, by using such a time-weighted cross-sectional line integral measure we are able to establish a Phragmén-Lindelöf alternative which predicts improved results on the growth and decay rates of the end effects established in [2] .
On the other hand, we prove that it is possible to use only one of the fundamental time-weighted identities, provided that a time-weighted area measure is considered and appropriate asymptotic decay assumptions are imposed on the solution at infinity. In this way we are led to a second-order differential inequality whose integration gives an estimate describing a Saint-Venant type principle.
We also indicate how one can determine pointwise decay estimates for the solution of the transformed problem.
It should be remarked that decay results in steady pipe flow are established by Horgan and Wheeler [3] and Ames and Payne [4] . The spatial decay for the time-dependent Stokes flow in three space is studied by Ames et al. [5] by using different techniques and by Chiriţȃ et al. [6] by using the time-weighted method. However, the decay rates established for plane Stokes flow are greater than those corresponding to three-dimensional Stokes flow.
The fourth-order transformed problem
We denote by Σ the semi-infinite strip of width h and choose a Cartesian frame of reference such that Σ is defined by
We define the lateral boundary of Σ by ∂Σ, and set
where
The velocity field u α (x, t) and the pressure p(x, t) of the fluid are assumed to be the classical solutions of the initial-boundary value problem (P1) defined by
2)
3)
In the above, ν is the constant of kinematic viscosity, [0, T ] is the maximal interval of existence of the solution and the specified functions g α (x 2 , t) are assumed to satisfy
No asymptotic behaviour is imposed on the solution as x 1 → ∞. Following Lin [1] and Knops and Lupoli [2] , we introduce the stream function φ(x, t) defined by 8) and employ the scale transformation
Then the above initial-boundary value problem can be transformed into the following fourth-order initial-boundary value problem (P2):
where g 2 = g 1 and g 1 = −g 2 . We have to mention that the passing from the problem (P1) to the problem (P2) it is possible only if we assume that
14)
The main purpose of this paper is to study the spatial behaviour of the classical solutions of the fourth-order transformed problem defined by (P2).
Some auxiliary results
In this section we establish some fundamental time-weighted identities concerning the solutions of the problem (P2). They are useful in order to choose the appropriate measure in the study of the spatial behaviour. 
and
Proof. By taking into account the relation (2.10), we have 
where Now, we multiply (3.11) by e −λη and integrate the result on D x * 1 x 1 × [0, τ ] and thus, by using the relations (2.11) and (2.13), we obtain the relation (3.7), and the proof is complete. ✷
Lemma 3.3. For any solution φ of the problem (P2) and for any positive parameter λ we have
where and hence, we get
and further, we obtain Thus, by an integration over D x * 1 x 1 × [0, τ ] and by using the relations (2.11) and (2.13), we deduce the relation (3.12) and the proof is complete. ✷ Remark 3.1. Setting λ = 0 in the above results, we can recognise that I , J and K coincide with the integral terms used by Knops and Lupoli [2] to define the linear combination needed in their study upon the spatial behaviour of the solutions of the fourth-order transformed problem (P2). As it can be seen from the next sections, we can obtain, in our context, an useful study on the spatial behaviour of the solution without the use of the term K or without both integral terms J and K. Remark 3.2. The identities (3.7) and (3.12) represent the dynamic counterparts of those corresponding for the biharmonic equation. The steady-state case of the identity (3.12) was used by Knowles [7] (see also Horgan and Knowles [8] ) in order to discuss a version of Saint-Venant's principle appropriate to plane strain (or plane stress) for a homogeneous isotropic material. The identity (3.1) is one characteristic to the dynamic problem. Remark 3.3. The time-weighted identities have been used in the study of the spatial behaviour in solid mechanics by Chiriţȃ and Ciarletta [9] .
Finally, we recall some useful classical inequalities. 
Spatial behaviour: a first-order differential inequality
In this section we describe a method based on a first-order differential inequality for discussing the spatial behaviour of solutions of the initial-boundary value problem in its transformed state, (P2). In this aim we associate with a solution φ of the problem (P2) the following function
where k 1 and k 2 are arbitrary positive parameters to be chosen later, and the functions I (x 1 , τ ) and J (x 1 , τ ) are defined by the relations (3.2) and (3.8), respectively. Thus, we have 2) and in view of the Lemmas 3.1 and 3.2 we get 
If we apply the arithmetic-geometric mean inequality to (4.4), then we get
which can be rewritten as
By applying the same methods, we can easily derive the following inequalities where ξ i (i = 1, 2, 3) are positive constants such that 0 ξ i 1, ε i (i = 1, 2, . . ., 9) are positive constants and they will be chosen later. Hence, the relations (4.2) and (4.6) to (4.11) give
Now, we consider the various coefficients of the terms in (4.12) and we set
Further, we set
and determine the arbitrary parameters ξ i (i = 1, 2, 3), k 1 , k 2 , ε i (i = 1, 2, . . . , 9) and λ in such a way to have for α a minimum value. In view of the relations (4.3), (4.12) and (4.14), we get 
and we set 
Proof. Let us first assume the existence of some ξ 0 such that S(ξ, τ ) > 0. Then, since S(x 1 , τ ) is a non-decreasing function of x 1 , it follows that S(x 1 , τ ) > 0 for all x 1 ∈ [ξ, ∞). Therefore, we consider the first-order differential inequality (4.16) in the form
so that, by integrating from ξ to x 1 , we conclude that On integrating (4.23) from 0 to x 1 , we get 
Proof. In view of the relations (2.11) and (3.17), we have
so that, by using (3.18), we deduce
By using the same procedure, we further get
,122 da dη. Summing the relations (4.30) to (4.33) and by using the relations (4.18) and (4.19) we obtain
Then, the relation (4.26) results from a combination of the relations (4.20) and (4.34) and the proof is complete. ✷
In the remainder of this section we proceed to discuss how one can choose the arbitrary positive parameters 1, 2 , . . ., 9) and λ in order to obtain a minimum value for α. In this respect we first note that for any value of the parameters ε 1 , ε 5 , ε 7 , ε 9 and β, we can choose for λ an appropriate large value in order to make the contribution of the coefficients c 6 , c 7 and c 8 to be insignificant in determining the minimum value of α. With this in mind, we see that we can choose for the parameters ε 1 , ε 5 , ε 7 , ε 9 and β appropriate small values in order to make their contribution in the other coefficients c i (i = 1, 2, . . ., 5) to be minimum. On this basis, from (4.13) we see that we can minimize the coefficients c i (i = 1, 2, . . ., 5) by setting ξ 1 = ξ 2 = ξ 3 = 1 and so we have
The coefficient c 3 can be made so small we want if we take for the parameter β an appropriate small value (for any ε 4 ), and so we can take in c 2 a value for ε 4 sufficiently small. Thus, the minimum value for α is controlled by c 1 and c 2 and this is get for ε 3 = 1.
As an example, we want to apply the procedure in the above in order to have
In this aim we take [2] . It is worth remarking that the decay rate established in the above is better than that one established by Knowles [7] (see also Horgan and Knowles [8] ) for the static case, that is for the biharmonic equation (where the decay rate is controlled by exp (− 4.20
Concluding, it appears from the above analysis that the decay rate limit there seems to be described by exp (− 2π h x 1 ).
Spatial behaviour: a second-order differential inequality
Throughout this section we assume that the solution of the fourth-order transformed problem satisfies the following conditions at infinity:
For any solution φ of the problem (P2) satisfying (5.1), we define the time-weighted cross-sectional line integral U(x 1 , τ ) by 
Further, by means of the Schwarz's inequality and by using the relation (3.17) and the arithmetic-geometric mean inequality, from (5.2), we deduce
Then we set
that is we take
Thus, the relations (5.6), (5.7) and (5.8) give As a direct consequence of the above theorem we can also determine pointwise decay of the solution φ of the problem (P2). Thus, we have the following result: 
